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CORPORATE OPTIMAL INVESTMENT UNDER INCOMPLETE
INFORMATION: A REAL OPTION METHOD

MONDHER BELLALAH, SHUJUAN DING, AND ZHEN WU

ABSTRACT. This paper develops an option pricing model to value a project with taxes and
incomplete information. We derive the value of the option to invest in the project and
provide the threshold value of the project. Some numerical examples are given to show the
characteristics of the optimal investment rule.

1. INTRODUCTION

It is well known that option pricing models can be used to value projects in corporate finance
and to search for the optimal investment rule.

Since the acquisition of information and its dissemination are central activities in finance,
Merton (1987) develops a model of capital market equilibrium with incomplete information,
CAPMI, to provide some insights into prices. Merton’s (1987) model is a two period model
of capital market equilibrium in a costly economy where each investor has information about
only a subset of the available securities. The key behavioral assumption is that an investor
considers including security S in his portfolio only if he has some information on this security.
Information costs have two components: the costs of gathering and processing data, and the
costs of information transmission. The model also gives a general method for discounting future
cash flows under uncertainty. Note that under complete information, the CAPMI model reduces
to the standard CAPM. Besides, the estimation of information costs can be done without major
difficulties as in Bellalah (1999, 2001a, 2001b), Bellalah and Jacquillat (1995), Bellalah and Wu
(2002, 2009). Our option pricing model in this paper continues to study this factor.

In section 2, we use the option pricing model to value a project with taxes and incomplete
information. The project leads to production with output price and input price. The model
extends the theory in Choi (1989) for corporate investment, where the quantity of output is
unity. In our model, the cash flow of the project depends on the quantity of the productions and
the difference between the output price and the input price. However the quantity produced
depends on the output price.

And then, we assume that, if the corporate invests, it must incur the sunk investment cost,
which is irreversible (and like the exercise price of one option). In section 3, we get the value
of the option to invest in the project for this corporate and give the threshold value of the
project. In section 4, we give some numerical examples to show the characteristics of the
optimal investment rule. Some conclusive remark are given in the last section.
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2. THE CORPORATE PROJECT VALUE WITH TAXES AND INCOMPLETE INFORMATION

We consider that a manager can invest in one project which leads to production. The output
price of the production is P; and the input price is Cy, Q; is the quantity of output, 7 is the
tax rate, so the cash flow of the project can be written in the following form:

Ry =(P—C)Q —7(P — C)Qr, Q=P (2.1)

The term b is a constant.
We assume the following dynamics for the output price and the input price of the production:

dPt = Oéthdt + O'PtdBt (22)
dCt = acCtdt + O'CtdBt (23)

where o, and «. represent the instantaneous expected rates respectively for the output and
input prices of the production. The term ¢ is the instantaneous volatility for this production.
The terms B; is one-dimensional Brownian motion, which represents the external source of
uncertainty in the market.

From (2.2) and (2.3), we know that:

_ 1,2 1.2
Pt — Poe(ap 30 )teO'Bt, Ct _ Coe(ac 30 )teO'Bt

This analysis does not assume that we are applying the risk-neutral approach. The firm’s cash
flows can be written as:

Rt = (1—T)Ptb(Pt—Ct)
— (1 - T)Pgeb(apf%UQ)te(bJrl)oBt (Poe(apfé(ﬁ)t B 006(0%7%62)15)
— Ke(b+1)aBtF(t)
with K = (1 — 7)P} and
F(t) = ebler—39")t (poemréa?)t _ Coemr%az)t)_

Using these expressions, the changes in the cash flow of the project are given by:

1
dR; = K(b+ 1)oe V7B p(1)dB; + S(b+ 1)202Keb+DoB p(1)at

+ Ke(b+1)aBtF/(t)dt
F'(t)
F(t)

1
= Ri(b+ 1)odB, +Rt[§(b+ 1)20?% + |dt

= Ry(b+1)0dB; + R, f(t)dt

with f(t) = 1(b+1)20° + S and F(t) # 0.

Now, we use the option methodology to value the above project, denoted by V', with the
cash flows R satisfying equation (2.4).

Suppose that we construct a portfolio at time ¢, that contains one unit of the project, and
a short position of n unit the cash flow of the productions, where we choose n to make the
portfolio risk-less. The holder of the project will get the revenue or profit flow Rdt over the
small interval of time (¢,¢ + dt). A holder of each unit of the short position must pay to
the holder of the corresponding long position an amount equal to the dividend or convenience
yield, that the latter would have earned, namely d Rdt. Thus holding the portfolio yields a net
dividend (R — ndR)dt, the capital gain of the portfolio equals to:

AV (R) — ndR, =[f()R(V'(R) —n) + %ﬁ(b L 2RIVI(R)]dt
+R(b+ Do (V/(R) — n)dB,
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Now, we choose n = V/(R), so that the terms in dB; disappear and the portfolio becomes
risk-less. The total return to the portfolio is given by:

[R—6RV'(R) + %02(6 +1)*R*V"(R)]dt

To avoid riskless arbitrage, the value of this portfolio must be the riskless rate. However,
since there are information costs embedded in the project, and on its profit flow, the return rate
must be equal to (r+ Ay ) for the project and (r+ Ag) for the profit flow of the project, where r
is the risk-less rate, Ay and A\g refer respectively to the information costs on the project and the
cash flow of productions. We also assume that Ay, > Ar. These parameters represent sunk cost,
which are necessary before entering into a project. Therefore, the cost of gathering information
and data about the project and the productions are present in the discounting procedure. In
this context, we have

1
[R; — 0RV'(R) + 502(17 +1)2R*V"(R))]dt
= (r+ Av)V(R)dt — RV'(R)(r + A\g)dt
So the value of the project satisfies the following equation:

1
50—2(1) +1)2R*V"(R) + (r+ Ag — O)RV'(R) — (r + \y)V(R) + R=0 (2.5)
The general solution of the equation (2.5) is:
3 3 R
=B R +ByRP2 4 —— 2.
V(R) 1RPr + B RP2 + T v—— (2.6)
here 3; and j3, are the roots of the fundamental quadratic equation:
1 _ _
30 G+ 1)?BB -1+ (r+Ar=0)B —(r+Av) =0 (2.7)
and
- 1 r+Agp—0 r+Ap—90 152 2(T+Av)
= - —— — = ——>1 2.
=3 e \/[ G102 2 thrnme (28)
- 1 r+Agp—0 r+Ap—90 152 2(T+Av)
= (|| = —_— 2.
Ba 2 (b+1)202 \/[ (b+1)202 2] b+ 1)202 <0 (2.9)

However, we should have V(0) = 0. As similar analysis as that in Dixit and Pindyck (1994)
(Chapter 6, Section 1.C) is suitable for our case with incomplete information. We show that
the value of the project with the profit flow R should be given by:
B R
T+ Av — AR

So we obtain the value of the investment project under incomplete information for the investor
by virtue of the real option method which has the practical value and can be regarded as the
complementarity for the classical corporate finance theory.

V(R) (2.10)

3. THE INVESTMENT DECISION AND THE OPTION’S VALUE OF THE PROJECT WITH
INCOMPLETE INFORMATION

Since we know the project’s value, it is possible to determine the firm’s option to invest.
This option depends on the value and the profit flow of the project. We give the value of the
option to invest in the project and also the critical level of the cash flow of the project R* as
well as V*. At this level, the manager exercises the option by paying an amount I in exchange
for the project.

Once again, we follow the steps of contingent claims valuation suitable for our case with the
incomplete information. Now, the portfolio consists of the option to invest in the project with
value F'(R), and a short position of n units the cash flow of the productions of the project. We
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also choose n to make the portfolio riskless. Also the holder of each unit of the short position
must pay to the holder of the corresponding long position an amount equal to the dividend, or
convenience yield, namely § Rdt. The capital gain of the portfolio equals to

dF(R) — ndR, =[f(t)R(F'(R) — n) + %&(b +1)2R2F"(R)]dt
+ R(b+ 1)o(F'(R) — n)dB,

We also choose n = F'(R) so that the terms in dB; disappear and the portfolio becomes
riskless. The total return to the portfolio is then:

[%02@ +1)?R2F"(R) — 6RF'(R)]dt

To avoid riskless arbitrage, the value of this portfolio must lead to the riskless rate. However,
since there are information costs embedded in the option of the investment and the profit flow
of the project, the return rate must be equal to (r + Ag) for the option to invest in the project
and (r + Ag) for the profit flow of the project. The term Ap refers to the information costs
on the option of the project. Therefore, the cost of gathering information and data about the
option and the productions are present in the discounting procedure. In this context, we have:

[%0—2(1) +1)?R*F"(R) — §RF'(R))dt
= (r+ Ap)F(R)dt — RF'(R)(r + Ag)dt
So the option value of the investment opportunity in the project, F(R), satisfies:
%ﬁ(b +1)2R*F"(R) 4 (r + Ag — §)RF'(R) — (r + Ap)F(R) = 0 (3.1)

The equation (3.1) is a homogeneous linear equation of second order, so its solution is a
linear combination of any two linearly independent solutions.

F(R) = AR + AyRP>

where A; and A, are constants to be determined, 5, and (5 are two roots of the fundamental
quadratic equation:

%(,—2(b+ D288 — 1) + (r + Ar — 6)8 — (r+ Ap) = 0 (3.2)

and

,31_1 T+ Ar—0 \/[7”4'/\1%—5 1]2 M>l (3.3)

T2 (b+1)%02 (b+1)202 20 " (b+1)202

1 r4+Ag—0 \/[r—F/\R—(S Ly 20r+Xr) _ (3.4)

Fa=g - b+1)202  \[Yo+1)22 20 7 (b+1)202
We also need to determine the investment threshold cash flow R* of the productions.
From F(0) = 0, we know Az = 0, so that:

F(R) = A RP (3.5)

We know at the threshold cash flow R*, it is optimal to exercise the option, thereby acquire
the value of project V(R*) by incurring the exercise price (sunk investment cost) I. So, we
have the first condition, stating that the value of the option at threshold R*, must be equal to
the net value by exercising it (which is called the value matching condition):

F(RY) =V(R") — I (3.6)

Secondly, the graphs of F(R) and V(R) — I should meet tangentially at R*, this is called the
smooth-pasting condition:
FI(R") =V'(R") (3.7)
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From the expression functions form of F(R) in (3.5) and V(R) in (2.10), we can write the
value-matching and smooth-pasting conditions as

R*
A *ﬁlz——l
1(7) S+ Ay — A
1
A W —-1 -
Bras(E7) S+ v — A
This yields:
R* = b (6 + A v — Ar)I (3.8)
pr—1

and

(B, — 1)1l

((0+Av = Ar)By)P
From the value of the project V(R) in (2.10), we also know the equivalent threshold value

of the project to invest given by:

Ay =

(3.9)

* 61
Vv B, - 1] (3.10)
In conclusion, we obtain the optimal investment rule in the presence of information costs.
The manager should invest only when the cash flow, R, of the project is greater than R* in
(3.8). When R is less than R*, then V(R) < F(R) + I, where F(R) is the opportunity cost.
Hence, the value of the project is less than its full cost i.e. the direct cost I plus the opportunity
cost F'(R). In this situation, the manager should choose to wait and not invest at once.

4. THE SIMULATION RESULTS AND THE CHARACTERISTICS OF THE OPTIMAL INVESTMENT
RULE

In above sections, we give the corporate investment model and optimal investment rule under
incomplete information situation. In this section, we desire to give some simulation results and
show the critical value R* and the characteristics of the optimal investment rule.
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In Figure 4.1, F(R) is an increasing function of R for the case 0 = 0.1, 0 = 0.3 and ¢ = 0.5
when r = 0.04, § = 0.02, Ag = 0.01, Ap = 0.02, Ay = 0.03, b = —2 and I = 20. From
Figure 4.1, we notice that the option’s value of the project F'(R) increases when o increases.
Observing Figure 4.2, we know, that the threshold value of the cash flow R* is also an increasing
function of the instantaneous volatility o, here we take r = 0.04, § = 0.6, A\g = 0.01, A\p = 0.02,
Av = 0.03, b = =2, and I = 2. In Figure 4.3, we show the influence of the instantaneous
volatility o and the dividend ( or convenience yield rate §) to the threshold value V* of the
project to invest. For the case § = 0.01, 6 = 0.02 and § = 0.03, V* is the increasing function of
o where r = 0.04, A\g = 0.01, Ap = 0.02, \yy = 0.03, b = —2, I = 2. An increase in o will still
increase the critical value of the project V* and hence, tends to depress investment. Thus, the
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greater uncertainty in the market increases the value of the firm’s investment opportunities,
F(R), it increases also the investment critical value of the project V*, and the cash flow in the
project R* for the corporate, but it decreases the amount of the actual investment.

Figure 4.3 we shows that when J increases, the critical value of the project V* decreases.
The further illustration can be seen in Figure 4.4. Here, we notice that the increase in § from
0.05 to 0.08, then to 0.1 results in the decrease in F(R) and V(R), which are the increasing
functions of R, (here r = 0.04, o0 = 0.3, A\g = 0.01, Ap = 0.02, Ay = 0.03, b = =2, T = 15).
When ¢ in Figure 4.4 increases, V(R) — I and hence F(R) falls and the tangency point, of
the two curves at R*, moves to the right. In Figure 4.4, when 6 = 0.05, the critical cash flow
R* =2.4347, § = 0.08, R* = 2.6930, and § = 0.1, R* = 2.9111. So, the increase in J increases
the critical cash flow R* of the project at which the corporate should invest. In fact, there are
two opposing effects of § on the project. If § is larger, the expected rate of increase of R is
smaller, options on future production are worthless. So, V(R) is smaller. At the same time,
the opportunity cost of waiting to invest rises (the expected rate of growth of F(R) is smaller),
so there is more incentive to exercise the investment option, rather than keep it alive. The first
effect dominates, so that a higher § results in a higher R*. This is illustrated in Figure 4.4.

FiR) e R=0.1.0203

e e FE)

Figure 4.5 shows the effect of the interest rate r on the option value F(R) when § = 0.02,
Ar =0.01, A\p =0.02, \yy =0.03, b= -2, I =2, 0 = 0.38. In Figure 4.5, if the risk free rate r
is increased, F(R) increases (the cash flow of the project R = 0.1, R = 0.2 and R = 0.3). The
reason is that an increase in r reduces the present value of the cost of the investment, but does
not reduce its payoff. Hence higher interest rates increases the opportunity cost of investing
now and reduces the investment.

In Figure 4.6, we show the influence of the information Ap to the option value F(R) where
r=0.04, § =0.02, c = 0.3, A\g = 0.01, Ay = 0.03, b = —2, I = 2. For the case R = 0.25,
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R = 0.3 and R = 0.35, when the information cost rate Ag increases, the option value of the
investment ( i.e. the opportunity cost) also increases. This also will reduce the investment. We
know that when R increases, the option value F(R) increases. This coincides with the case in
Figures 4.1, 4.4 and 4.5.

5. CONCLUSION AND EXTENSION

This paper presents an option pricing model to value a project with taxes and incomplete
information. This kind of project leads to production with output and input prices. In the
economic literature, the quantity is a decreasing function of the price and the cash-flows of the
firm’s activity are imposed at a certain tax rate in practice. These considerations are ignored
in standard models as in Choi (1989). Contrary to his model where the quantity of output is
unity, in our model we consider the quantity as a function of the output price. Our model also
extends that in Choi (1989) with taxes and incomplete information for corporate investment.

Incomplete information has been introduced by Merton (1987) in the context of a simple
model of capital market equilibrium, CAPMI. The main difference between Merton’s model
and the CAPM lies in the shadow cost on incomplete information referred to in Merton’s model
as A. Investors engage expenses to collect, to analyze and to get informed about production
market. By virtue of option methodology, we obtain the value of the option to invest in the
project and present the threshold value for the investor, which can be regarded as the optimal
investment rule in the presence of information costs. Some numerical examples are also given to
show the characteristics of the optimal investment rule. Our results have more practical value
in the market and can be regarded as the extended application of the real option method in
corporate finance theory under incomplete information.

In this paper, we only consider the corporate investment in home country. The fact that
investors appear to only invest in their home country, ignoring in general, foreign opportunities
is referred to as the “home bias puzzle". The explanations of this bias are based on barriers
to international investment such as governmental restrictions on foreign and domestic capital
flows, foreign taxes and high transactions costs. These explanations appear in Black (1974),
Coval and Moskowitch (1999), Kang and Stulz, Stulz (1981) etc. However, the international
diversification problem is very important in finance. There are several factors to affect the
international diversification. Some more explanation for the international investment theory
can be seen in Aliber (1970, 1983), Adler and Dumas (1983, 1984) and Solnik (1974). In
our future research, we will continue to study the international corporate optimal investment
problem with the real option method which has the practical value in the international financial
market.
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